In this paper, the multi-step differential transform method (MDTM), one of the most effective method, is implemented to compute an approximate solution of the system of nonlinear differential equations governing the problem. It has been attempted to show the reliability and performance of the MDTM in comparison with the numerical method (fourth-order Runge-Kutta) and other analytical methods such as HPM, HAM and DTM in solving this problem. The first differential equation is the plane Couette flow equation which serves as a useful model for many interesting problems in engineering. The second one is the Fully-developed plane Poiseuille flow equation and finally the third one is the plane Couette-Poiseuille flow.
Introduction
Non-Newtonian fluids have received much attention and importance than Newtonian fluids in recent years because of its various industrial and technological applications. The differential equations that arise when modeling non-Newtonian incompressible fluid flow are highly nonlinear and complicated. Among the methods useful for the solution of such equations is the MDTM [1, 2] .
A non-Newtonian fluid is one whose flow curve (shear stress versus shear rate) is nonlinear or does not pass through the origin, i.e. where the apparent viscosity, shear stress divided by shear rate, is not constant at a given temperature and pressure but is dependent on flow conditions such as flow geometry, shear rate, etc. and sometimes even on the kinematic history of the fluid element under consideration. Such materials may be conveniently grouped into three general classes:
(1) fluids for which the rate of shear at any point is determined only by the value of the shear stress at that point at that instant; these fluids are variously known as 'time independent', 'purely viscous', 'inelastic' or 'generalized Newtonian fluids' (GNF); (2) more complex fluids for which the relation between shear stress and shear rate depends, in addition, upon the duration of shearing and their kinematic history; they are called 'time-dependent fluids', and finally, (3) substances exhibiting characteristics of both ideal fluids and elastic solids and showing partial elastic recovery, after deformation; these are categorized as 'visco-elastic fluids' [3] . Various types of flow situations such as fluid of third grade that is a subclass of fluids of differential type have been studied successfully and is known to capture the non-Newtonian affects such as shear thinning or shear thickening as well as normal stresses [4] .
The concept of the DTM was first introduced by Zhou [5] in 1986 and it was used to solve both linear and nonlinear initial value problems in electric circuit analysis. On the other hand, if the DTM is used for solving differential equations with the boundary conditions at the infinity or problems that have highly nonlinear behavior, the obtained results were incorrect (when the boundary-layer variable go to infinity, the obtained series solutions are divergent). Besides that, power series are not useful for large values of independent variable (see Refs. [6] [7] [8] ). It is the purpose of this study to apply a reliable algorithm of the DTM that accelerates the convergence of the series solution over a large region and improve the accuracy of the DTM.
Governing equations
The basic laws of the conservation of mass, conservation of momentum and conservation of energy for an incompressible fluid are given by [9] ∇ · u = 0, (1) ρ Du Dt = ρf + ∇ · T . (2) The constitutive equation for a third grade fluid is
where
T A n−1 , n = 2, 3, 4, . . . .
Plane Couette flow
Consider the steady flow of a third grade fluid between two infinite parallel plates distant 2h apart. The lower plate is stationary and the upper plate is moving with a constant speed U. The lower and upper plates, respectively, located in the planes y = −h and y = +h of an orthogonal coordinate system with x-axis in the direction of flow. The external pressure gradient is zero and the velocity and temperature fields are assumed to be of the form:
The equation of continuity (1) is satisfied identically and, in the absence of body forces, the momentum and the energy equation (2) becomes
Therefore, the problem reduces to solving the differential equation (7) subject to the following conditions of no slip and no temperature jump at either of the two plates:
For universal use, the boundary value problems (7) and (8) are written in terms of a set of dimensionless variables. For this purpose, the following dimensionless variables are introduced
so that in non-dimensional form, after dropping the asterisks, Eq. (7) becomes
where λ = 6βU 2 µh 2 and the corresponding boundary conditions given by Eq. (8) become
The constant β in Eq. (10) are given by
Plane Poiseuille flow
Next, same problem is considered when both the plates are stationary and the fluid motion is driven by the constant pressure gradient, the other conditions and assumptions on the velocity and the temperature fields remaining unchanged. In this case the momentum equation (2) yields
Further, from Eqs. (13) and (14), we obtain ∂p ∂x = constant.
Thus, the problem reduces to solving the following uncoupled differential equations:
subject to the following physical conditions of no slip on boundaries and no temperature jump at either of the two plates,
As before, the non-dimensional form of Eq. (17) is
where the constant β is given in Eq. (12) . Correspondingly, the boundary conditions (18) become
(20) Table 1 The operations for the one-dimensional differential transform method.
Original function Transformed function
Plane Couette-Poiseuille flow
Finally, it assumed that the fluid motion is being produced by motion of the upper plate with constant velocity U as well as by a constant pressure gradient. All other conditions and assumptions on the temperature and the velocity field remain the same. Thus, in the absence of body forces, the momentum equation (2) takes the form
In view of Eq. (21), it found that ∂p/∂x = constant. Consequently, the problem reduces to solving the equations
together with the boundary conditions
In non-dimensional variables, the resulting boundary value problem becomes
subject to the conditions
In the sequel, we shall use the MDTM to solve the three boundary-value problems described in Sections 2.1-2.3.
Basic concepts of the differential transform method
Transformation of the kth derivative of a function in one variable is as follows [10] 
and the inverse transformation is defined by
From Eqs. (26) and (27), we obtain
which implies that the concept of differential transform method results from the Taylor series expansion, but the method does not calculate the derivatives representatively. However, relative derivatives are calculated by an iterative way which is described by the transformed equations of the original function. For implementation purposes, the function f (t) is expressed by a finite series and Eq. (27) can be written as,
where F (k) is the differential transform of f (t)(see Table 1 ). 3 . Velocity function u(y) with respect to λ when dp/dx = −1, for fully-developed plane Poiseuille flow.
Basic concepts of the multi-step differential transform method
To describe the MDTM we consider the equally spaced nodal points 
The differential transform
(30) Fig. 7 . Velocity function u(y) with respect to negative values of dp/dx when λ = 0.1, for fully-developed plane Poiseuille flow. The differential inverse transform of F i (k) is defined by
Let f i,n (t) be defined by the finite term Taylor series
It is an issue to give the initial condition
Then for each ith (i ≥ 1) subinterval, we have
(35) Fig. 9 . Velocity function u(y) with respect to λ when dp/dx = −1, for plane Couette-Poiseuille flow.
Fig. 10.
Variation of u ′ (y) with respect to λ when dp/dx = −1, for plane Couette-Poiseuille flow.
Fig. 11.
Velocity function u(y) with respect to positive values of dp/dx when λ = 0.1, for fully-developed plane Couette-Poiseuille flow.
General form of the fourth-order Runge-Kutta method (RK4)
The following ordinary differential equation is considered:
(36) A general p-stage explicit Runge-Kutta method can be written as
where h = t is the time step, t n = nh, and g n is an approximation to g(t n ) (see Refs. [11, 12] ).
Analytical solutions by means of the MDTM
Applying the MDTM to Eq. (19) gives the following recursive relation in each sub-domain
where U(k) is the differential transforms of u(y). Variation of u ′ (y) with respect to negative values of dp/dx when λ = 0.1, for fully-developed plane Couette-Poiseuille flow.
Fig. 15.
The results obtained by HPM, HAM, DTM and MDTM when λ = 0.1, dp/dx = −1, for fully-developed plane Couette-Poiseuille flow.
Fig. 16.
The differential transform of the boundary conditions (11) and (20) are as follows
We can consider the boundary conditions (Eqs. (11) and (20)) as follows
The differential transform of the above initial conditions are as follows
Moreover, substituting Eqs. (43) and (44) For analytical solution, the convergence analysis was performed and in Eq. (33), the n value is selected equal to 20. We set the interval equal to 0.01.
Analytical approximations by means of the HAM
To investigate the explicit and totally analytic solutions of Eqs. (19), (24) using the HAM, initial approximations of u(η) are selected as follows, respectively
which satisfy the boundary conditions ( (20), (25)). Besides, the auxiliary linear operator L(u) is selected as
satisfying the following property
where c i , i = 1 − 2, are arbitrary constants. Using the above definition, the so-called zeroth-order deformation equation
could be constructed as
subject to the boundary conditions
in which the nonlinear operator N is defined as
For p = 0 and p = 1, it could be as followŝ
As p increases from 0 to 1,û(y; p) vary from u 0 (y) to u(y). By Taylor's theorem and Eq. (53) one obtainŝ
where As pointed by Liao [13] , the convergence of the series (54) depends strongly on auxiliary parameterh. Assume thath is selected such that the series (54) is convergent at p = 1, then due to Eq. (53), the final series solution becomes
In series (56), the terms u m (y) is unknown. For the mth-order deformation equation, Eq. (49) is differentiated m times with respect to p, divide by m! and then set p = 0. With assumption H(y) = 1, the resulting deformation equation at the 
mth-order is
with the following boundary conditions where
and
The symbolic software MATHEMATICA is used to solve the linear equation (57) with the boundary conditions (58)-(59).
For analytical solution, the m value is selected equal to 20. If we seth = −1, a special case of the HAM, HPM, will obtain.
Results and discussion
Eqs. (7), (19) and (24) with transformed boundary conditions were solved analytically using the HPM, HAM, DTM, MDTM and numerically using the fourth-order Runge-Kutta method. In order to give a comprehensive approach of the problem, a comparison between HPM, HAM, DTM, MDTM and numerical solutions for various parameters is presented. can be concluded that an increase in third grade non-Newtonian and gradient parameters λ, dp dx , results in the decrease of velocity profile u(y). Conversely, an increase in parameters λ, dp dx , causes an increase in function u ′ (y). The influence of different parameters in plane Couette-Poiseuille flow is shown in Figs. 9-14 . It is observed that u(y) is decreased by increasing parameters λ, dp dx . The negative pressure gradient dp dx < 0, aids the viscously due motion to overcome the shear Fig. 21 . The results obtained by HPM, HAM, DTM and MDTM when λ = 0.1, dp/dx = −3, for fully-developed plane Couette-Poiseuille flow. force at the surface. On the other hand, dp dx > 0, opposes the motion which is induced by the motion of the upper plate. It is observed that as we increase the value of third order parameter λ, the flow profiles desire to approach a linear distribution showing the fact that shearing from the boundary develops to the whole domain. In order to verify the efficiency of the proposed method in comparison with the HPM, HAM, DTM and numerical solution, the obtained results are reported in Figs. 15-22 and Table 2 for Fully-developed plane Poiseuille flow and in Figs. 23-30 and Table 3 for plane Couette-Poiseuille flow, respectively. It is obvious that the MDTM is a reliable algorithm method for solving highly nonlinear differential equations. 
Conclusion
In this paper, the multi-step differential transform method was utilized successfully to find the analytical solution of the resulting ordinary differential equation. The present method reduces the computational difficulties of the other methods (same as the HAM, VIM, ADM and HPM) [14] [15] [16] [17] [18] [19] . The method has been applied directly without requiring linearization, discretization, or perturbation. The accuracy of the method is excellent. The obtained results demonstrate the reliability of the algorithm and give it a wider applicability to nonlinear differential equations. By comparing the DTM and MDTM, the advantages and disadvantages of DTM and its improved technique MDTM are shown. DTM is a reliable method for solving nonlinear problems but for problems that have highly nonlinear behavior it diverges. So the MDTM should be used. But for applying the MDTM, too much CPU time is needed to calculate specially if the value of the interval is very low.
